
HIGHER CONGRUENCES BETWEEN MODULAR FORMS
CATHERINE HSU · UNIVERSITY OF OREGON · CATHYH@UOREGON.EDU

MOTIVATING GOAL
Use a certain p-adic value to bound the depths of
Eisenstein congruences for squarefree level N
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WHAT IS A CONGRUENCE BETWEEN MODULAR FORMS?
For a prime p, two modular forms

f1 =
∞∑
n=0

anq
n, f2 =

∞∑
n=0

bnq
n

are congruent modulo p if for each n ∈ Z≥0,
an ≡ bn (mod p), (∗)

where p ⊆ Q is a prime ideal lying over p. The
depth of congruence is related to the highest
power of p for which (∗) holds for all n ∈ Z≥0.

In this project, we examine Eisenstein congru-
ences between certain cusp forms called new-
forms and the weight 2 Eisenstein series

E2,N = (−1)t+1ϕ(N)

24
+
∞∑
n=1

σ∗(n)qn,

where t = Ω(N) and σ∗(n) is the sum of all non-
zero divisors d of n such that gcd(d,N) = 1.

HIGHER CONGRUENCES: A COMPUTATIONAL APPROACH
• Explicit computations in MAGMA [2] are the most direct approach to computing congruences.
• We require a modified Sturm bound to determine a finite number of Fourier coefficients that must

be checked for a congruence. We use the following algorithm which was adapted from [3]:

Input: A positive squarefree integer N and a prime p. For each divisor M of N :

1. Compute Galois conjugacy classes of newforms in S2(Γ0(M)). Call the set New(M).
2. Compute the modified Sturm bound B = 1

6 · [SL2(Z) : Γ0(N ′)] = 1
6 ·N ·

∏
p|N (p+ 1).

3. Compute the coefficients a`(E2,N ) for primes ` ≤ B with ` 6 |N .
4. For each f ∈ New(M), compute Kf , the coefficient field of f .
5. Compute the set S = {λ ∈ Spec

(
OKf

)
: λ ∩ Z = pZ}.

6. For each λ ∈ S, compute rλ = min
`≤B, 6̀|N

(ordλ(a`(f)− a`(E2,N ))).

Output: rλ ∈ Z≥0. If rλ > 0, then an Eisenstein congruence of "depth" rλ has been found!

MAIN RESULT
LetN > 6 be a squarefree integer. Let f1, . . . , fr be
all weight 2 newforms of level Nfi dividing N .

K (p)eN = ($N )

Kf1 Kfi Kfr

Qp (p)

For each i = 1, . . . , r, let mi be the highest power
of $N such that the Fourier coefficients of fi and
E2,N satisfy (∗) for n coprime to N . Then

1

eN

s∑
i=1

mi ≥ valp(N ),

where N is the numerator of ϕ(N)
24 .

Example: N = 203 and p = 7

level depth ramindex resfield conjclass
29 1 1 7 1

1
1 (1) = 1 = val7 (7)

Example: N = 399 and p = 3

level depth ramindex resfield conjclass
19 1 1 3 1
133 2 1 3 3
399 2 1 3 7

1
1 (1 + 2 + 2) = 5 > 2 = val3 (9)

HIGHER CONGRUENCES: AN ALGEBRAIC APPROACH

General Commutative Algebra

• K/Qp: p-adic field with valuation ring O
• T : local complete O-subalgebra of rank s
• J ⊂ T : ideal of finite index

J ⊆ T

��
O × · · · × O

ϕ1

xx

ϕs

&&
ϕi
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J1 ⊆ T1 Ji ⊆ Ti Js ⊆ Ts

Berger, Klosin, and Kramer [1] prove

#
∏
i (Ti/Ji) ≥ #T/J

Applied to Modular Forms

• s: #{f ∈ New(M) : M |N and rλ > 0}
• TO,m: local complete Hecke algebra
• JO,m: localized Eisenstein ideal in TO,m

JO,m ⊆ TO,m
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��

∏
i (an(fi))

($m1) ⊆ O ($mi) ⊆ O ($ms) ⊆ O

#
∏
i (O/$miO) ≥ #TO,m/JO,m

FUTURE RESEARCH

• Give sufficient conditions for JO,m ⊂ TO,m to
be non-principal (in preparation)
• Generalize main result to modular forms of

varying weight and character
• Apply method to Hilbert modular forms

WHAT ARE P-ADIC NUMBERS?
Because congruences between integers play a
central role in number theory, we use a metric in
which a number is "small" if it is divisible by a
high power of p. The p-adic metric is

|u · ps|p = p−s,

where gcd(u, p) = 1. The p-adic numbers Qp are
the completion of Q with respect to | · |p, and each
p-adic integer a ∈ Zp can be expressed as

a = a0 + a1p+ · · ·+ anp
n + · · · ,

where ai ∈ Z. A finite extension K/Qp is called a
p-adic field, and the integral closure of Zp in K is
a local ring O with uniformizer $.

WHAT IS A MODULAR FORM?
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Fundamental domain:
SL(2, Z) � h

SL(2,Z) acts on the complex
upper half-plane h via Möbius
transformations: for
z ∈ h, γ =

(
a b
c d

)
∈ SL(2,Z),

γz :=
az + b

cz + d
.

Given a positive integer N, the congruence
subgroup Γ0(N) ⊆ SL(2,Z) is the subgroup of
matrices γ with c ≡ 0 (mod N).

For a non-negative integer k and congruence
subgroup Γ0(N), a modular form of weight k
and level N is a function f : h→ C satisfying

(i) f is holomorphic on h;
(ii) f(γz) = (cz + d)kf(z) for all γ ∈ Γ0(N);

(iii) a certain growth condition as Im(z)→∞.

The modularity property (ii) implies each modu-
lar form has a Fourier expansion given by

f =

∞∑
n=−∞

anq
n, q = e2πi.

The growth condition (iii) on f means an = 0 for
all n < 0. If f is a cusp form, then a0 = 0.


